A subspaca J of an alternative algchra A iz callad a

Jerdan ideal if gvery Jordan product having one factor in g

falls back into J., Explicitly
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U, & B B, JLF
Thisz implies {hat for x € J, a,b € A the products

2 B
¥ =111 xax = U_= He o o= s axa = U.x lie in J.
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Anopther important inclusion is
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sinco | = gel{lhex) -0 w & heJ - U, TTZJ .
~ Ua,x s “ a,b & -

Noltice that every ordinary ideal is a Joxdan ideal, but not
conversely {(nor is an ordinary one-sided idezl a Jordan ideal).

The hasic resull relating Jorden-ideals te ordinary ldeals

4.1 (uHull-¥ernel Thoorxem for Joxcan Ideslsg). IF J is a Jorxdan
ideal of A ihen the largest idezl ©f A centained in J is the
kernel

K(T) = {x & J[xaCJ) = [x & Jlax @ J}

and the swallest ideal cemtaining J is the hull

Iy
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H{T) = Jir = &d .
Furthermors,
PREI) = 0L AD T
o

proof. Nolke JA = AJ since A o TC J, similarly B © J iff

Iw O J since Ay (CJ for x in tha Jordan ideal J.



Clearly any ideal 2 contained in J must have BAQGECL J,
i.e. BC K(J), and any ideal containing J alsc contains % = H(T) .
Thus we need only show X(J) H(J) are idezls, and by svmnetzy
merely that they are left ideals.

T'ar H{J},.hH(J} is spanned Ly elements al(hx) for z,b £ ; :
X € J ; here albx) = Ua,,_.\: D — xiha) £ U;“J Feot JRe S HT) .

To ghow AK(J)CH(I) we want A(BK{J)) € T, 1.2. a(bx) lies
in J if a,b € & ard x € K(J). But- again afbx) = Ua,x b = x{ka)
Cu A4 E{d AT .

Apd

Furthermore, to see PT(U)C E(J) we show ApH(T) ¢ J: if

x J then = bl = ax)bix ri Mouf = 1u e
£ en =(U, o) { fax)bi (right Xoufang] —
- {xbBY{ax) € U, = & - U (ba) (Middle Moufang) € J by definition
.?L;u i 4 o

of Jordan ideal.

4,2 Lemma. If J is & Jerdan ideal in A, =so is any
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“

b o R,

as well as the zubalgcobra genarated by J.

B
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Proof. Since the subalgebra generated by J is £ J , and
1

sinege the unicen of a chain of Jordan ideals is agairn & Jordan

n
rdeal, ik suffices to consider the partial sums & J

n+4l n D52 1
=T . ek 22 P . — . . .
Since L J7 = (L J) + (& J7) , uzing inducbicn it in fact suf-
- 1 1 1 5
dicer to consider the case n o= 2: J + J° is a Jordan ideal if

To Zeo Uﬁixy} = J + JE for a & A, x,vy & J, note

U = = U - I E O - TV T + <& i s
& By % ‘Da:fa Lyua;w = Lﬂ,h J J{UAJ.C I 4 J3J To sco



4-3

U a £ 9 J+ .;TL}2 , note that for a spanning set of x's or xy's
=

wa have U a € J, ny = T'}::U}-Rx a € LKL_F-?“EJJ . &



Exergisan

If J,K, L are Jordan ideals in & show ﬁJ E and UJ,K L
arc zlsc Jordan idsals.
IZ 1/2 e ¢ show that I_IE J CJ implies UJ £ CJ and
L
therefore that J is a Jordan ideal. The converse is fal

i}

a4
=

i
EJ A CLJ is just the conditior that J be a strict guadratic
idanl.

Show dirzcotly from the definiticns thal if J is a Jordan

- : z . "
icdeal and % & J then x"A + Ax™ O J .
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400. Problem Set on Joxdan Simplicity

We wish Lo show that if A is simple as allernative algebra

oL ; . F ? 3
then A" is simplc as a "Jordan algebra,” in the sense that &
has ne proper Jordan idesals.

15 Show bthat if A contains no trivisl elemants then any non-

varo Jordan idesal J contains a.nunzern alternative ideal

E{J}.

We will see later (Kleinfeld:r Strong Semiprimeness Theooxem)
that if A 4= simple of characteristic # 3 it contains no trivial

elemanlks: this shows lmmediately in characteristic # 3 that al-

ternative simplicily implies Joxdan sinmplisgity. Rather than usc

the hish-powsred Strong Scmiprimeness Theorem, and to cover cha-
ractoristic 3 as well, we give an alterrate nproof.

2 It J is any linear subspace satislying Je ACJ , and an
alemant = & J has Uer ; =0 , show UZ,E J = 0 and =H
= J{=za) iz a left a-ideal (H = H{J)). Dually Hz 15 & right
ideal, Zhow 13 = Em + zguﬂ H ; if Uz = 0 show UB ; = 0 .
3. Conclude thal if 7 is a Jordan ideal in a semiprime algebra
A with UJ i = 0 , then J = 0 (using 1.9 and the fact that
“any idsal I ik & is also semiﬁrim& as an algebra, by Scmi-
nrime Inheritance Theorem Ch. VI).
4. (Herstein Construction) TF A is semiprime, all Jordan ideals

J 3

¢ 0 pontain an albternative ideal H(J) # 0 .



d~f
By {(Jordan Simplicily Theorem) If A iz simple as alternative
algebra it contains no proper Jerdan ideals, so 1s simple

as Jordan algecbhra.



